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We see that constancy of components in one particular coordinate system
requires that, in an arbitrary coordinate system, the much more general
law (2.1) holds. Specifically, we recognize that the increment of the
vector components is a bilinear function of the components & of the vector
and of the displacement dz™ tangent to the .curve along which the trans-
plantation takes place.

In order to generalize the above notions, let us now ignore the origin
of formula (2.1) and consider only its differential form

(2.3) d& =T} dem &

The T%,, coefficients are now considered to be any set of given functions
of the coordinates and are no longer restricted to have the form (2.2),
which was derived from the fact that the vector field considered had
constant components in the particular original coordinate system. The
veector field # is considered to be obtained from its value at one given
point by the transplantation law (2.3). Equation (2.3) defines a general
law for transplantation of the vector £ at the point x into the quantities
£ 4+ dEiat the point z + dz. Tt is a law of affine character; that is, it has
invariant structure under a linear transformation of the coordinates.

If we now try to make this law of transplantation coordinate-invariant
and demand that & + d¢ still be a vector at the point = + dz, we shall
be forced into certain requirements on the I%; coefficients; we shall see
that these requirements define a transformatlon law for the I‘W coeflicients
and therefore allow us to transplant a vector by infinitesimal amounts in a
covariant fashion.

Proof. In the unbarred coordinate system we take for the transplan-
tation law

(2.4) (x4 do) = & + dii = & + TV daom &

and impose the requirement that the same law hold in the barred coor-
dinate system (that is, that the law be covariant). We further require
that &(z + dz) be a vector; by definition this means

gz + dzx) = &z + da) <ax’>

In this expression the geometric point at which the transformation is
carried out is characterized by the markers ¢ 4 dx (which could also be
called # + di since the two sets of markers are in one-to-one correspond-
ence). Writing out this expression with the help of the transplantation
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law (2.4), we have

B T, din B = (8 + T, dam 8) ((w)
z+dx

Expanding the last factor in a Taylor series and keeping only terms up
to the first order, we obtain

or\ (o 92
<a$i)z+dx B (5;"): t Gai aen

Putting this into the previous equation and relabeling the dummy indices,
we find that

N S £ T 9%z’
Ty, dem & = < o8 i + 928 61“) & dae

But we can also express dee£f in terms of barred quantities as

dx® dxf
By = 20 s dgm
et = Gam gz £ 92
and obtain
o 9% dx= dxP 9%y Ja* 9xf ~
I‘.?m dxm S = PR, M &8
¢ £ (6&“ AT™ 9%* Tas dxe Jxf 9x™ 9T dz 5

In this equation the coefficients dz™ and £ are arbitrary; therefore we
must have
(2.5) _ 0% dx daf . 8! 9z daf

T . el il
™ 9zt azm oz P ' Qae 9P 9am 9

which is the transformation law of the coefficients Iz into which we
are forced by the covariance requirement. These coefficients are called
coefficients of affine connection or simply connections. Note that the
transformation law (2.5) is ¢nhomogeneous in the coefficients ig; thus
it is fundamentally different from a tensor transformation law and the
connections are not tensors.

With the above transformation law for I's we have set up a consistent
covariant definition of the transplantation of a vector in terms of the
increments of its components:

(2.6) d§ = T}, dam &

We have now derived necessary conditions for the coefficient set I', in
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order that the transplantation law (2.6) may‘yield a vector £ -+ dgt' at
the point am + da™ if £ is a vector at the point z™. Thf.} next qu'esmon
is how far this transplantation law is sufficient and bow it works in tl'qe
large. For this purpose we assume a field of conne.ctlons T;,(z™), that is,
a coeflicient set attached to each point of the ﬁmt.e part of space con-
sidered and which obeys the connection transformation lavs'f (2.5). Then
we set up the differential-equation system for a vector field in the parame-

ter p:

dE ; dx¥®
2.6)) avf? - Thg, {0 .

which allows us to compute the vectors £(p) along the given curve zi(p)
from the known value £(0) at the initial point p = 0. But we still hz%ve
to prove that the n-tuples £i(p) thus calculated transform indeed like
vectors under a change of coordinates. N

To do this we consider the barred coordinates &i(p) and the quantities
E(p) defined by the corresponding system (2.6") in barred terms. We
suppose that the equations

Ep) — o £7(0) = O

hold for p = 0 since we assumed at least that 21'(0)_ .is a vector. By use
of (2.6") and the analogous differential equation for £(p), we can calculate
for all values of p the derivative

i : 5 dor 9% dar
d\. ozt dgb ,, o drr ., L, dxr
dp [Ei(p) s (p)] 9z 9z dp &= I g dp

1f we now use the transformation law (2.5) which we take as hypothesis,
we obtain after easy rearrangement

AT or . | d (a0,
2o -3 ew)] - L (-

The validity of the vector transformation law of 'z"(p) along the entire
curve follows from the uniqueness theorem for this linear homogeneous

- OF . _
differential system which admits the solution E&(p) — 6707‘5 (p) =0 as

initial value for p = 0. .
There are several interesting consequences of the transformation law
(2.5): ‘
1. If we restrict ourselves to linear transformathns of.coordma,tes,
the term 02%7/dx= dxf vanishes and the set of connections I't; transforms
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like a tensor. If now some transplanted vector field £ has constant com-
ponents in a particular coordinate system, it is clear that the terms
Ii.;& will be zero in that system, as one can see from (2.6). Furthermore,
since the I' transform like a tensor under linear transformations and & is
a vector, these expressions are zero in all coordinate systems related to the
original by a linear transformation; it follows that & has constant com-
ponents in all such coordinate systems. In this special case constancy of
components is therefore an acceptable criterion for a constant vector field.

2. If two fields of connections are given, say, '}, and T, their differ-
ence is a tensor. Indeed, since the inhomogeneous terms in the trans-
formation law (2.5) are independent of the individual connections, they
cancel under subtraction, and I';; — T}, transforms like a tensor. This
observation is of particular interest when one varies the connections over
a given manifold. The variation of the connection is then a tensor.

3. We can, furthermore, make certain axiomatic deductions from the
general form of (2.5). Historically, the connections were introduced in
classical differential geometry; their role in transplanting vector fields was
first clearly brought out by Levi-Civita. In all these formulations they
appeared to be symmetric in their lower indices as in (2.2). But in our
more general development we have built up a consistent transplantation
law of a vector without the assumption of any particular symmetry of
the T' coefficients. This was pointed out in 1950 by Einstein (Einstein,
1955) and considered independently by Schrodinger (Schrodinger, 1950).
Suppose, therefore, that we are given a set of I'?, coefﬁcients‘fsuch that
I}, # I, in a particular eoordinate system; we then say that:

a. The T coefficients remain unsymmetric under any change of coor-
dinates.

b. It is impossible to find a coordinate system in which all T' coefficients
are 0 at a point,.

The proof of these statements is quite simple. For the first one, suppose
that we could find a coordinate transformation in which the I'}; coef-
ficients were symmetric; then (2.5) would give Iy = T, in any coordinate
system, which contradicts our hypothesis. For the second we proceed
as above: if such a coordinate system existed, then, by (2.5), the T¢,
coefficients would be symmetric in their lower indices in any coordinate
system since the inhomogeneous term in (2.5) is symmetric in « and g;
this contradicts the hypothesis and completes the proof.

The use of unsymmetric T, coefficients has been considered only in
later developments of the theory of general relativity, in the attempt to
unite electromagnetic theory and gravitation theory. We shall deal in
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this book only with the original “classical’” form of general relativity
theory, which uses symmetric I'?, coefficients. It is indeed only in this
case that one can connect the law of transplantation (2.3) with the
intuitive idea of transplantation in a Eueclidean space. This will be
proved in the next theorem, which is sometimes referred to as the axio-
matic definition of transplantation of Weyl (Weyl, 1950). In a Euclidean
space described by a rectilinear coordinate system, we are used to trans-
planting vectors by simply keeping their components constant and attach-
ing them to different points; in a Riemann space we expect to be able to
do the same thing locally (in the neighborhood of a point) if we choose the
right type of coordinate system at that point. In such a coordinate
system we should have d = 0 and therefore T, = 0. Considering the
inhomogeneous character of the transformation (2.5), we should often
expect to be able to find such a coordinate system.

In the theory of surfaces in three-space, the original object of tensor
analysis, the manifold is imbedded in a Euclidean space which determines
the metric in the surface. Here transplantation of a vector might be
defined by constancy of components in the extrinsic Cartesian coordinate
system of the three-space. Locally, we can always find a coordinate
system in the surface which coincides with two of the space coordinates.
This particular situation provides motivation and illustration for Weyl’s
conception of transplantation. Weyl considered only transplantations
that belong to connections which are symmetric in their lower indices.
He showed that such transplantations could be completely characterized
by the statement: At every point of the manifold there exists a local
coordinate system in which the fields of the transplanted vectors possess
constant components under infinitesimal displacement from that point.

From our more general point of view, Weyl’s statement is contained in
the following theorem.

Theorem. The necessary and sufficient condition for the existence of
a particular local coordinate system in which the components of a vector
are not altered by an infinitesimal transplantation according to the law
(2.3) is that the coefficients of affine connection be symmetric in their
lower indices.

Proof of the Necessary Condition. Suppose that, in a particular coor-
dinate system #‘, the components of an arbitrary vector * are unaltered
under an infinitesimal transplantation from a given point P. This means
that d& = 0 in that coordinate system, and therefore that T/, dzmf = 0.

The product di™  is arbitrary; therefore T7, = 0 must be satisfied.
Then, from (2.5), the coefficients T'.g will be symmetric in their lower
indices in any coordinate system, for the inhomogeneous term and the
coefficient of Tig in (2.5) are symmetric in « and 8.
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Proof of the Sufficient Condition. Let us choose the point P as the
origin of the coordinate system 2 = 0, and let us look for a particular

coordinate system ¢ (as mentioned in the theorem) by setting up the
transformation

T = at 4 1AL aik ajz‘ = §i. -
! 9’ =0 ’

where the A7, coefficients have yet to be specified. From (2.5) the
I';. coefficients transform from unbarred to the above defined barred
coordinates according to the equation

P';s = I‘f,ﬁ (Vi 3am 658 ‘I“ %(A{xﬂ + Aga) 6am 56
which becomes
L5, = Th, + 3(4%, + 47,)

The quantity (47, + A7) is symmetricin sand m. With the hypothesis
that I, is also symmetric, we can choose the A7, coefficients so that
15(4%, + A%,) = —Ti, and obtain TV, = 0; therefore d& = 0. Thus
determined, the 47, coefficients define a coordinate system in which the
intuitive notion of transplantation by constancy of components is
locally applicable.

The coordinate system obtained in the preceding paragraph is referred
to as a geodesic coordinate system with respect to the connection T'; it is
clearly defined only locally. Furthermore, it is defined only up to a linear
transformation, as we shall now show. From (2.5) we see that two

coordinate systems z* and 27 in which Tz and IV are both zero must be
related by

0% da g _
dx* 9zf 9T™ ATt

Consider these equations as a system of four homogeneous equations

labeled by s:
P e\ 0k _
9z 9P 9zm ) 3%
T Jxe

with 327 928 agm B8 unknowns; their determinant is the Jacobian of the

coordinate transformation, which we always assume is different from zero.
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Therefore the only solution of the system is

0ot _
dx® 9xf az™

But this again is a system of four homogeneous equations labeled by m,
whose only solution is

b i
9z dzf

This shows that z¢ and &7 are indeed related locally by a linear transforma-
tion as stated above. A linear one-to-one coordinate transformation is
called an affine transformation. The connections I'is are called affine
connections because of their linear transformation law (2.5).

As mentioned in our remark in Sec. 1.4, the existence of a geodesic coor-
dinate system at each point in space pr0v1des us with a powerful tool in
tensor calculus because of the very simple form which the I coefficients
have in such a coordinate system; that is, they are zero at the selected
point. In the following chapters we shall always assume that the I,
coefficients are symmetric in o8 and that a geodesic coordinate system
therefore exists. It should be kept in mind that the T'is coefficients do
not transform like tensors, but according to (2.5).

We end this section by mentioning some definitions often used in the
literature in connection with the law of vector transplantation. A mani-
fold in which a law of vector transplantation is defined is called “‘affinely
related manifold,” or an “affine space,” and the I' coefficients are called
the “affine connections.” We shall use the name low of vector trans-
plantation for the general case treated in this section. Some authors use
the name “law of parallel displacement” interchangeably with this, but
we shall reserve the latter term for the more specific case of a metric
space, which will be treated in the next section.

2.2 Parallel Displacement—Christoffel Symbols

In the previous section we introduced a law of vector transplantation
on an affinely related manifold with the help of the coefficients of affine
connection I'. No metric properties were required to carry out such a
program. In this section we particularize our study to Riemann spaces;
we shall impose on the transplantation law previously defined the metric
requirement that the scalar product of two vectors be invariant under the
transplantation. In particular, the length of a vector will then remain
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unchanged under the transplantation, as is the case with rectilinear
coordinates in Euclidean space. This will give a unique determination
of the T}, coefficients as functions of the components of the metric tensor
gir and their first derivatives.

Let us consider an infinitesimal displacement along a curve and express
the fact that the scalar product of two vectors & and 4* remains constant

as they are transplanted along the curve. The scalar product is g..&in¥,
so our condition is

d )
s (ginkm®) =
where ds is the element of arc along the curve. Expanded, this becomes

dgar, dat
90 O gt + g 05t o+ gui O =

Taking int(_) account the transplantation law (2.1) for d¢'/ds and dy*/ds
and. relabeling the dummy indices, we obtain for the coefficients of the
arbitrary multinomial &n* da! the equation

dg:
(2.7a) g 7 galh + 9Ty = 0

From this equation we can obtain a unique determination of T, Let

us cyclically permute the indices 7% in (2.7a) to obtain the following two
additional equations:

i)

(2.7b) a-‘i;’ + gnTy + gl = 0
agu;

(2.7¢) ailk + ¢l + guTy = 0

Using the symmetry of g, and of I'}, we obtain, by adding (2.7¢) and
(2.7b) and subtracting (2.7a),

99k . g agzk

ot T ogk g T+ 2Tkon =0

Thus

Ogr |, Ogn  Ogik
o o 1plr [ IR — ke
ki 29 <6xi + k9t
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For convenience in notation let us define

. _ 1/0dga g _ _ag_«,k
(2.8) [k 1) = 2 (axk + xt 6x‘>

which we call the Christoffel symbol of the first kind (Christoffel, 1869),
and

(2.9) | [ ij k} = gilik,l]

which we call the Christoffel symbol of the second kind. With this notation
the coefficients of connection can be simply written as

v r
o0 fam - |1

We now possess the unique determination of the coefficients of connection
for which the scalar product of two vectors remains constant under the
law of vector transplantation. We thus arrive at the law of parailel
displacement in a metric space:

The behavior of { ai B} under a coordinate transformation is the same

as that of —T}g, which is given by (2.5).

At this point it might be appropriate to inject a word of comfort to the
physicist. The introduction of complicated new symbols in the midst
of tensor formalism which is already loaded with index conventions may
seem unpleasant to a physicist, and the whole subject may appear to be
hidden behind symbolism. In fact, we shall show here that Christoffel
symbols actually occur in mechanics, but rarely appear in explicit form
because of simplifications due to the very simple mechanical systems
usually considered.

Let us consider the evolution in time of a mechanical system described
by generalized coordinates xi(f), generalized velocities & = dxi/df, a
kinetie-energy quadratic form T = l4g;di*, and a potential energy
V(2%) which gives rise to a generalized force F; = —aV/dzi. As usual
in analytical dynamies, we take T di* = ds? to define a metric on the space
of the generalized coordinates, which is called configuration space. In
terms of the Lagrangian, L = T — V, we can write down the Lagrange
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equations of motion

d (4L oL
@12) a (a—x“) = o
In explicit form these become

ok Ik — — Lk .
gad —I—axlxx 3 o itk + Fy

which we can rewrite as

. 1{8gx , 890 Ogu| .;.
ik _+_ = + Lk — F‘-
gt T g [ ot T oxk T 9ai | U7 *

or multiplying by g,
i C ik o
(2.13) &+ {l k} ahik = IF

This shows that the Lagrange equations in the general case are second-
order differential equations in which Christoffel symbols occur explicitly.
We see that, in the case of force-free motion, the generalized velocity
vector &* is displaced parallel to itself along the trajectory, zi(t). The
physico-geometric significance of such vector transplantation becomes
evident. '

2.3 Geodesics in Affine and Riemann Space

Let us look for a definition of a straight line in an affine space. In
Euclidean space we can characterize such a line by the property that an
arbitrary tangent vector along it remains parallel to itself when displaced
along the curve. With the help of the law of vector transplantation
introduéed in Sec. 2.1, we can use the same characteristic property to
define a generalized straight line in an affine space; we shall call such a curve
a geodesic. Consider a curve z%(q) parametrized by ¢; if £(¢) is an arbi-
trary tangent vector to the curve, the equation

dg ; dxs g

dq L g £# =0

expresses the fact that it is displaced “unchanged” along the curve. A
particular tangent vector is dx’/dg; a more general tangent vector is
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therefore \(¢)(dzi/dq), where \(g) is an arbitrary function of ¢q. The
equations which define a geodesic in an affine space become

d Ao\ . des . daf
@.14) 2 (0%) - raia g

This contains the apparently arbitrary function A(g). However, these
equations can be brought into a standard form by the following simple
transformation: we multiply both sides by A(¢) and introduce a new
parameter p(¢) defined by dp = dg/[M(¢)], in terms of which the above
equations take the so-called ‘“normal form”

d?xt ; dxe dof

" T apap = O

(2.15)

From the way in which we obtained Eqgs. (2.15) we see that, starting
from an arbitrary parameter ¢, we can always find a parameter p(g) in
terms of which the equations defining geodesic lines in affine space take
the “normal form” (2.15). We therefore take these equations to be a
definition of geodesic lines in an affine space.

One should note that the “normal form” is not parameter-independent
and is only valid when one uses a particular class of parameters p; indegd,
if we change p into another parameter =(p), Eqgs. (2.15) become, using
dxt _ datdr
dp — dr dp’

dat d*n 2z . dxedaf | fdm\? _
rdp T [W - Faﬁz;a;] (dp) 0

This is still in the “normal form” only if

o dvx _
dm dp?

Since the tangent vector dxi/dr can always be taken to be nonzero, the
above condition becomes d?r/dp* = 0; the parameters = and p must
therefore be proportional. This proportionality shows that the parameter
p of the normal form is determined up to a constant factor; thus we have,
even in a nonmetric affine space, a sort of pseudo-length. .
Equations (2.15) are a system of ordinary second-order differential
equations. Consequently, the solution of the initial-value problem for
the geodesics defined by (2.15) [z2(0) and dz*(0)/dp are given at the
origin, p = 0] is unique. Geometrically, this means that, through a
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given point and with a given tangent at that point, one and only one
geodesic line can be drawn.

In the more particular case of a Riemann space we shall use the law
of parallel displacement to define geodesics instead of the general law
of vector transplantation; the tangent vector which we displace along
the curve must in this case be of constant length along the curve. The
only such vector is the unit tangent vector dzi/ds (or a vector proportional
to it), where s is the arc length of the geodesic; for this particular tangent

vector :
Jdtdat _ (ds\
9 g5 ds ~ \ds) =

Furthermore, the affine connections can be expressed explicitly in terms
of Christoffel symbols, and the defining equations for a geodesic in a
Riemann space become

(2.16)

a2z { 7 ] dze daf
=0
a B

ds? ds ds

Other definitions of geodesics in a Riemann space. A geodesic
can also be defined by the requirement that it be the shortest curve
between a point Py and another point P;. The arc length of a curve
between a point P, (characterized by the value p = p, of -the curve
parameter) and a point P; (at which p = p;) is

P dxt dxk\*
(2.17) § = /Po (gm%%) dp

As an alternative definition of a geodesic, we require that the variation
of this integral be zero. [Note that we must still show consistency
with (2.15).] Thus we characterize a geodesic by the requirement

; ) dat dzk\Y
(218) 3 ,/‘PI‘: <gik‘£ %) dp ) O

The condition (2.18) expresses a necessary condition for the shortest path
between two given points in space (in fact, the mathematical requirement
for a stationary path). We might expect this definition of a geodesic to
be parameter-independent; in fact, p may be any parameter describing
the curve. The change of p into ¢ merely introduces the derivative
dg/dp which cancels out of (2.18) because of the homogeneity in dp;
therefore the form of Eq. (2.18) remains unsaltered.
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The definition (2.18) of a geodesic involves the square root of the purely
dxt da®
ik T dp dp a0
advantage of yielding a parameter-independent integral, but the presence
of the square root leads to cumbersome calculations in most applications.
It is therefore of practical value to achieve greater flexibility and to show
that a more general variational problem leads to precisely the same
extremal curves. Let F(7T) be an arbitrary monotonic and differentiable
function of its argument T, and consider the variational problem

geometric quantity 7 = It has the great theoretical

(2.19) 5 [, F(T)dp =0

This problem depends, of course, upon the particular choice of the
parameter p. We shall assume that p is the arc-length parameter s of the
extremal curve. More precisely, we deal with the following variational
problem: A curve 2%(s) is parametrized by its arc-length parameter
s and is compared with all nearby curves #i(s) which coincide with it at
the endpoints Py, 7/(0) and Py, xi(l). What is the condition that, with this
parameter p = s, the original curve is stationary in this family of com-
peting curves?

Since gu = ga(zx’) and T = Lgatid* (where &' = dai/dp), Eq. (2.19)
can be written with clearly displayed arguments:

6/ F[T(z,@")]dp = 0

This is a typical problem of the calculus of variation, which leads to the
Euler-Lagrange equations

d (oF\ _9F
- o (o) o

These may be written, using the functional form of T, as

d , dz* ’ 1dgu dat daF
dp [F (T)ga d_p] F(T) 2 9z dp dp

If we make the particular choice of parameter, p = arc length s of the
extremal line, we always have T = igadic* = 3(ds/ds)? = 3 along
the solution curve of the variational problem. Therefore F(T) and
F'(T) are constant along the extremal curve. Thus we can take F'(T)

out of the left-hand-side bracket in these equations and still obtain equa-
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tions defining the extremal curves of the problem:

ds\*qs ) = 20a" G5 ds

d ( d:v") 1 gy dat dx®
By definition of the Christoffel symbols, and by the same calculations
which led from (2.12) to (2.13), we obtain

d*zt 1 | dat da¥
2:21) e {z k} T ds

This is identical with the original definition of a geodesic line in a Riemann
space (2.16).

We have shown that the variational problem (2.19) and the differential
equation (2.16) are consistent alternative definitions of a geodesic line
when the curve parameter is the extremal arc length s. The special case
F(T) = +/T in (2.18) is, however, parameter-independent, as we noted.
So (2.18) is consistent with the differential equations (2.16), with no
restriction on the choice of curve parameter.

In conclusion, one should notice that, among the three definitions of
geodesics which we introduced, the two based on a variational principle,
(2.18) and (2.19), are particularly well adapted to the spirit of general
relativity because they do not require any particular specification of a
coordinate system; therefore they fit immediately into the coordinate-
invariant formulation of physics at which one aims in the theory of
general relativity.

Connection with dynamics
1. Equations (2.13),

R RN EEEYY

k'l

whlch we obtained as the normal form of the Lagrange equations, are
the classical equations of motion of a particle in configuration space.
If there are no external forces, i = 0, they become identical with (2.16)
and define geodesic lines in conﬁguration space. But in (2.13) we know
that the parameter with respect to which the differentiation is performed
must be the time parameter ¢ along the trajectory. On the other hand,
in (2.16) the parameter must be the arc length s along the geodesic in
configuration space. Therefore, since both are normal parameters, the
arc length s must be proportional to the time parameter ¢: ds « di. One
should note that this proportionality holds only on the geodesic lines;
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along other curves the notions of time of transit and of arc length are
different.
The faet that the vector @ does not change its length under parallel
displacement can be expressed by the equation
T = %g,kx’x" = const
and is nothing but the principle of conservation of energy. Since

s = [/ gadizk dt

s=\/§Tt

we see that

which determines the above factor of proportionality.

2. With no external forces present the Lagrangian L and the kinetic
energy T are equal, L = T. Taking the function F(T) (defined above)
as T itself, the trajectories of free particles, which are geodesics in con-
figuration space, satisfy the variational problem

(2.22) 5 [0 Tds=0
Along a geodesic this is the same as
N A

In this last form we recognize Hamilton’s principle. The advantage of
Hamilton’s principle over Eq. (2.18) in defining geodesic lines lies in the
fact that the integrand in Hamilton’s principle is always defined whereas
the presence of the square root in Eq. (2.18) does not allow us to define
geodesics when 7 < 0. Since the two definitions are equivalent when-
ever (2.18) has a meaning, we shall adopt Hamilton’s principle as a more
general definition of geodesics; this allows in particular the definition of
null geodesic lines, which will be of importance in Chap. 6, when we
consider the trajectories of light rays.

It was noticed by Gauss that, for every given force-free dynamical
trajectory, one can find a particular coordinate system in which the
equations of motion (2.13) reduce to the Newtonian form &' = 0. The
proof is immediate, as follows.

We can choose a coordinate system in which the geodesic line deseribed
is the z! line, i.e., the trajectory is the curve z¢ = 0 for ¢ # 1. Fur-
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thermore, we may measure z! as the arc length along the trajectory.
Thus #! = const since we know that arc length and time are proportional
along the trajectory. Inserting these values into (2.13) we see that
{17'1] = ( along the entire trajectory and that & = 0 for all components.

It is particularly interesting that the Christoffel symbols {121} can be

reduced to zero in the large along the entire trajectory. We shall utilize
this fact later to introduce a so-called Gaussian coordinate system in
which a normal form of the metric tensor is obtained in the large.

Lagrange’s equations in the light of general relativity theory.
Suppose one forgets about the physical origin of the generalized coor-
dinates z’ and sees the equations of motion written in the form

z

(2.23) &+ {k !

} j;k:el = Fi

When thinking in terms of Newtonian mechanics, one would like to see
these equations take the form # = Fi where F represents external forces
according to Newton’s law. To be able to make this identification one
considers the quantities
—_— i nkpl
REE

as representing fictitious forces (such as centrifugal and Coriolis forces);
these visibly depend on the coordinate system used (through the Chris-
toffel symbols) and are often said to appear because one uses the ‘“wrong
kind” of coordinate system, for instance, a system attached to a rotating
disk. A “right kind” of coordinate system is of course one in which these
fictitious forces simply do not appear. However, one can use the
alternative approach of treating all forces equally, be they external,
fictitious, or due to a constraint, and accordingly write

(2.24) i=F  fi=Fi— { k’l] kgl

Clearly, the combined force depends very much on the coordinate system.

Obviously, such a viewpoint is not in the spirit of general relativity
theory where all kinds of coordinate systems are considered equivalent.
From the viewpoint of general relativity, one would instead like to reduce
the equations of motion as much as possible to the geometry of the con-
figuration space. That is, instead of explaining away wrong geometries
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by fictitious forces, we should like to explain away forces by proper
choices of geometry. This will be possible at least in the case of gravi-
tational forces. The easiest way to do this is to postulate that the
gravitational forces F can be made to disappear from the above equations
)
k1l
like a fictitious force. This approach is motivated by the fact that gravi-
tational and fictitious forces both act on material bodies in the same
way; they communicate an acceleration & which is independent of the
body’s mass. (This is not the case for other types of forces; for instance,
the acceleration communicated to a body by a spring is inversely propor-
tional to the mass of the body.) The above property is the basis of the
principle -of equivalence, which states that the effect of a gravitational
field can be ‘reproduced” by describing physics in an appropriately
accelerated frame of reference without interior gravitational forces
present. In such a frame of reference the generalized coordinates will be
some y’ (which can be considered functions of 2 and #), and the kinetic
energy of the system will be described by a new function 7. In order to
bring in the principle of equivalence and incorporate all gravitational
forces in the geometric term, one would like the Lagrange equations in
the moving frame (with coordinates ¥ and kinetic energy function 7T') to
take the form

(2.25) §= — { N z} g

of motion by incorporating them into the geometric term { TxEt just

which are the equations of configuration-space geodesics in the moving
frame.

Unfortunately, we can easily show that such an attempt to incorporate
the principle of equivalence cannot succeed within the framework of
classical mechanics: consider the concrete case of a particle moving under
the influence of gravity along a three-dimensional trajectory described
by ¥(®) (7 =1, 2, 3) in a moving frame of reference. If Eqgs. (2.25)
were valid, the acceleration 37 of the particle in that frame of reference
would depend quadratically on the velocity 77 of the particle; doubling
the velocity of a particle submitted to a gravitational field would there-
fore quadruple its acceleration. We know from experience that the
movement of a particle in a gravitational field does not obey such a law
in any frame of reference. Equations (2.25) are therefore unacceptable
to describe the effects of gravitational forces, and 4t is impossible to
have gravitational forces take the same mathematical form as fictitious forces
within the framework of classical analytical mechanics.

We shall be able to formulate the principle of equivalence in mathe-

matical terms only when we consider Euler-Lagrange equations in a four-
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dimensional space which includes time as an ordinary coordinate; in order
to consider the solution of gravitational problems by a purely geometrical
treatment, it will be necessary to make use of the concepts of special
relativity theory and the Lorentz metric. In fact, in a four-dimensional
space for which the zeroth coordinate is ¢f (time multiplied by the speed of
light), Eqgs. (2.25) are acceptable. When the velocities involved in the
problem are small compared with the speed of light, we have

e k=123

Thus Eqgs. (2.25) reduce in lowest order to

(2.26) §i = — {ojo ¢ j=1273
The terms quadratic in velocity, which prevented us from making any
progress in a three-dimensional framework, do not appear in these
lower-order equations in a four-dimensional framework. The only term
which survives is the constant ¢2. Furthermore, we see that the Chris-
toffel symbols (which are geometric entities) here play the role of forces.
These considerations will be taken up in greater detail in Chap. 4.

2.4 Gaussian Coordinates

By letting a family of geodesics play a particular role among the coor-
dinate lines, Gauss has shown the existence of a very useful coordinate
system, which we shall now describe.” Let us restriet ourselves to the
case of a four-dimensional space with a hyperbolic metric, which we
defined earlier as a metric of signature (1,—1,—1,—1). Consider a
three-dimensional hypersurface S imbedded in this four-dimensional
space; we suppose that any vector » normal to S satisfies the inequality

(2.27) ning - (nlng + ning + ning) > 0

which, in the familiar language of special relativity theory, implies
that the surface is “oriented in space” (whereas a vector normal to S
is “oriented in time’’).

We introduce in the surface S three coordinates z*!, z*2, x** which
serve to characterize the variable point P*e¢ 8. Through each point
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P* of the three-dimensional surface S we draw the geodesic which is
orthogonal to S at P*. These geodesics will form a field of noninter-
secting curves in some finite neighborhood M of S such that, through each
point P of M, there will pass exactly one of the geodesics constructed.
We introduce now, in the entire four-dimensional domain M, coordinates
as follows: Given P, we consider the geodesic of the field passing through
P and its original point P*¢ S. We define the coordinates 2? of P in

Fig. 2.1

terms of the arc length P*P of the geodesic and of the coordinates
¥ of P*:

x2° = arc length P*P along the geodesic
zl = g*!
x2 j— x*z
8 = g*3

In this manner, the three coordinates z!, z?, x® remain constant aloz'lg
any geodesic perpendicular to S; it follows that, along such a geodesic,

ds? = (dz9)? goo = 1
Next let us express the éonditions resulting from the orthogonality of

the z° (geodesic) lines to the hypersurface S; any vector (0,q,b,c) in S
must be orthogonal to the vector (1,0,0,0) tangent to the z° line at the
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same point, which requires that

o1 = Goz = Goz = 0

on the hypersurface S. Thus we see that, on S, the line element has
the form

(dx%? + gy dai da*

Let us now attempt to show that the above form of the line element
also holds outside the hypersurface S in the coordinate system we have
constructed above. From the equations of a geodesic line (2.16),

o, () derd _
ds? w vl ds ds

applied to the present case, for which z° alone varies along a geodesic and
ds = dx°, we deduce

) .
{OOJ—O 1=123

and therefore
[00,7] =0

Explicitly, writing out this last condition, we obtain

9 9goi _ 9goo

ax° axi 0

Since goo = 1 on any geodesic, the second term in the above is identically
zero, so we have

8go,-

dx®

along the 2¢ lines. Therefore the elements go1, Goz, gos of the metric
tensor, which are zero on S, remain zero in the entire domain M deter-
mined by the field of geodesics. In such a domain, the metric of the
four-dimensional space expressed in Gaussian coordinates takes every-
where the form

(2.28) ds? = (dz°)? + gi;(x%,2",2%.2%) dai da? ,7=123

Any hypersurface (ry = const) is therefore orthogonal to the geodesic z°
coordinate lines.




64 Introduction to General Relativity

Furthermore, the lengths of the segments of any two geodesic lines
between hypersurfaces S; and S, are clearly equal; the lengths of these
segments correspond to the unique time interval Az® between S; and S..
Thus the surfaces 2° = const are equidistant level surfaces in terms of our
geodesics; they correspond to parallel planes in Euclidean geometry.

The Gaussian coordinates introduced here will be very useful in later
chapters because of the separation which they perform between a time
coordinate z° valid everywhere in three-space and the metrical description
of three-space itself. They allow us to connect the abstract four-
dimensional framework of general relativity theory with the classical
intuitive point of view which regards events as occurring in three-space
and desecribes the development of these events in terms of a univer§al
time parameter. (In Sec. 8.3 there is further discussion of the relation
of Gaussian coordinates to the Einstein equations.) '

Exercises

2.1 How many algebraically independent Christoffel symbols are there
in two, three, and four dimensions? In n dimensions?

2.2 What are the Christoffel symbols in two-dimensional Eucl?dean
space with orthogonal axes? What if the axes are canted, as mentioned
in See. 1.9?

2.3 What are the Christoffel symbols for the surface of a unit spbere?
(Use the results of Exercise 1.6.) Show that the equator and longlt}xde
lines on the surface of the earth are geodesics but that latitude lines

are not.

2.4 Consider, in spherical coordinates r, 8, and ¢, a diagonal ’metric
with diagonal components f(r), r%, and r? sin? §. Calculate the Christoffel
symbols.

2.5 What are the geodesic equations for the metric of Exercise 2.4? Is
the ray 8 = const, ¢ = const a geodesic?

2.6 Consider a vector of small coordinate displacements .(Ar, Aq)
attached to the point (r,8) in polar coordinates. Para.llel-dlsplace it
to a nearby point using the law (2.6). Check diagramatlca.lly that the
displaced vector and the original vector are indeed parallel in the usual
Euclidean sense.

2.7 Prove the theorem gy, = [ke,l] + [kl,2].
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Problems

2.1 Use matrix theory to show that by a real coordinate transformation
any metric can be brought into diagonal form at a given point. More-
over show that the diagonal elements can be made equal to 41, —1, or 0
and that the number of +1, —1, and 0 elements is independent of the
manner in which the transformation is achieved. This diagonal matrix
is called the Cayley-Sylvester canonical form of the matrix, and the
set of diagonal elements is an alternative definition of the signature [see
Eq. (1.2)]. It is always assumed to be (+1,—1,—1,—1) in relativity
theory, and the coordinate system defined by the transformation is
termed a tangent Lorentz space; see Sec. 5.6 for more details.

2.2 The theorem in Sec. 2.1 guarantees that there exists a coordinate
system in which the coefficients of affine connection vanish if they are
symmetric in any system. Extend that theorem to show that the
coordinate system may simultaneously be chosen to be a, tangent Lorentz
space by considering a transformation & = Bix? 4 L ALaiz®, where the
A% and B: are suitably chosen constants.
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CHAPTER

3

Tensor Analysis

We return in this chapter to the problem of comparing tensors attached
to neighboring points of space. To do this we shall first define intrin-
sically a differentiation process for a vector field.

3.1 Covariant Differentiation

Let us study how a contravariant vector field £(27) varies when one goes
from a point 27 to a neighboring point &/ + dz7 in an affine space. To do
this we shall compare at the point 2/ + dz7 the value (27 + dz’) of the
vector field with the vector £*(z? 4 da?) obtained from £i(z7) by the law of
vector transplantation along the infinitesimal vector dz7 (Fig. 3.1). We
thus form, at the point 27 4 da7, the vector difference

(3.1) B+ dvi) — £ + dad)

By the use of a Taylor expansion, £(x? -+ da?) can be written as

82?4 dad) = () + % dat 4 O(da*)?

From the law of vector transplantation, the displaced vector £*(2/ 4 da?)
is equal to

£ + da?) = g(z7) + T8 dat
Therefore the vector difference (3.1) becomes

i

(B2) E@W + dod) — 4 + dad) = [3_5; - r;;lsl] dat + O(dat)?

67
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This expression has the form of the beginning of a series expansion and
suggests interpreting the quantity

(3.3) [%—mﬁ]

which is independent of the displacement dx?, as a sort of ‘“first deriva-
tive” of the field &(27). Furthermore, formula (3.2) is valid for an
arbitrary infinitesimal displacement dz. The left side of (3.2) is a vector
(the difference of two vectors), and on the right side da* is an arbitrary
vector. Thus, neglecting terms of higher order than the first in da¥,

£ (2% dx))

Ei(x]) / o .
£z’ dx’)

Fig. 3.1

xJ

we see by the quotient theorem that the quantity (3.3) is a tensor. We
shall call it the covariant derivative of the contravariant vector field &.

One should notice that the derivatives 9/ dz* taken with respect to
arbitrary coordinates do not themselves form a tensor, as is evident
from their transformation properties; neither do the coefficients of
.connection, as we already know. But the combination (3.3) is, as we
have proved, a tensor. At this point it is advantageous for simplicity to
introduce certain notation conventions. To indicate ordinary differentia-
tion of a tensor component 7%, with respect to x*, we introduce the
notation

The bar in front of the index k indicates that this particular index is an
index of differentiation, while the others retain their usual meaning.
" To represent the covariant derivative of a vector, we introduce the notation

i a& .
i = 3 I8
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which can also be written in terms of the previous convention as
(3.4) g = & — Th#

The name covariant derivative given to this tensor is justified for the
following reasons:

1. It appears already as playing the role of a first derivative in the
Taylor series (3.2), where it first occurs.

2. Tt reduces to the usual derivative £, in a geodesic coordinate system
in which the connections I'}, vanish.

If &, were zero over a finite region of space; one could then build up a
vector field by vector transplantation, starting with one given vector at
one particular point (z?). Then we should have

§@ + da?) = £ + do)

over a finite region of space, and # would obey the law of vector trans-
plantation. Such a vector field could then be called a generalized
constant vector field since it would have a zero covariant derivative.
However, one must be careful to note that the condition

gy =t —ThHE =0

can hold in a finite region of space only if certain integrability conditions
on the connections are satisfied. These conditions will put restrictions
on the type of spaces in which constant vector fields can be defined.
Indeed, we shall show in Chap. 5 that a constant vector field can be
defined only in a pseudo-Euclidean space. It is for this reason that we
never attempted to compare vectors which are a finite distance apart by
using the vector-transplantation law to carry one vector to the point of
attachment of the other vector. We shall show in Chap. 5 that such a
procedure depends in general on the path along which the transplantation
is performed. '

The concept of covariant derivative can be specialized in an obvious
way to the case of Riemann spaces by replacing the concept of vector
transplantation by that of parallel displacement and by expressing the
affine connections in terms of Christoffel symbols. The covariant
derivative of a vector field in a Riemann space is then defined by analogy
with (3.4) to be

(3.5) %=%+MJ?
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In the rest of this book we shall always deal with a Riemann space
because one uses such a space in the theory of general relativity, but most
concepts which will be introduced in this chapter can easily be generalized
to an affine space.

We shall now give a direct proof that £, is a tensor, without recourse to
series expansions. Given a vector field #(z*) in a Riemann space, let
us consider an arbitrary curve xz=(s) and define a vector field 7*(s) at each

. dyt 1 | dot
point of the curve by the equations 71% + { % l} s 7* = 0. These are

ordinary first-order differential equations, and the 5i(s) are defined along
the curve once initial values have been chosen. The quantity

P(s) = gatn*
defined for each point of the curve is clearly a scalar; therefore

dP(s)
ds

= P'(s)

is also a scalar. Let us write it out:

1

dzt . . dx . dx
P'(s) = gann a5 Eint + gat, s 7 + g &l s

Using the defining equation for 5 and relabeling the dummy indices, we
obtain

d 1 X dxl . k dxl "
P'(s) = g § 5007 + gurkly o 0" — g § {7‘ z} ds "

or

| K 1 dat dat
P'(s) = [E’ (gmt — Gk ‘r l}) + gir‘éh] FN 7 = Trl'Eg 7

where T, represents the bracket. The left-hand side of this equation
is a scalar, and da'/ds and 9" are arbitrary vectors at x?; therefore, by the

quotient theorem, the quantity T, is a tensor. The form of T,; can be-

simplified using only the definitions of the Christoffel symbols of the
first and second kind, (2.8) and (2.9). One obtains immediately

k } — g — [rla]

(3-6) Girlt — Gix {r l

= [dy]
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Thus we may write T,; as
Trl = EI['LZ;T] + girslil

Multiplication and contraction with g then gives the result
[ — s T
Tl~£1l+[?: l}f

Since T, is a tensor, 7% is also a tensor. Thus we have proved in a formal
way that &, = T% is indeed a tensor. However, our first derivation
displays more clearly the significance of the term as a vector derivative
under parallel displacement.

Covariant derivative of a covariant vector field. In the foregoing
paragraphs we defined the covariant derivative of a contravariant vector
field. Let us define an analogous operation for a covariant vector field
7:(z%). We shall impose on the covariant derivative the defining con-
ditions that it be a tensor and reduce to the ordinary derivative in a
geodesic coordinate system, which we defined in Chap. 2. Given the
covariant vector field 7;(z%), consider an arbitrary contravariant vector
field #(z*) and form the scalar ¢(z*) = £(xz®)ni(z®). We can write the
gradient of the scalar ¢, which we know is a covariant vector, as

v = o= (9 i)ll = Efzm + Eimn

Note that v, is a vector field, which has been created from two other
vector fields without the use of Christoffel symbols. By definition, the
covariant derivative of & is

= &+ {m’ l} g

Using this tensor, let us form the covariant vector 5:£}, = w, and con-
sider the vector difference s; = v; — w;. We now have the vector

1
m

] &g

Se=v — w = gt — {

By changing the first dummy index < into m, we may write this as

§ = & (nmu - ‘,”: lJ nr)
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Since £ is an arbitrary contravariant vector and s; is (as we have con-
structed it) a covariant vector, we may use the quotient theorem to

deduce that g — [W: l} 7. is a tensor. Furthermore, since it clearly

reduces to the ordinary derivative of 7, in a geodesic coordinate system,
we may call it the covariant derivative of the covariant vector ;. In
analogy to the covariant derivative notation of (3.5) for a contravariant
vector, we shall denote it by

r
(37) Nmill = Mm|l — {m l] Nr

Differentiation of a vector product and differentiation of tensors.
Consider two arbitrary vector fields £ and n* and the tensor £y, We
shall define the covariant derivative of this tensor (&3*)p to meet the
following requirement: In a geodesic coordinate system this quantity is
to be identical with (£iw*);, = &inf, + &n*. We know that, in a geodesic
coordinate system, &, = &, and therefore

(En¥)p = gl + Em®
But in this last form the right side of the expression is written as a tensor.
We can therefore take it as a consistent definition of (¢*)j; in an arbitrary
coordinate system.

We can evidently extend the previous reasoning to any tensor of the
form &n*¢,, and obtain

(3.8) Enttnd = En*Cmp + Enlim + Hm*em
Replacing the covariant derivatives of the vectors by their values

g = &+ {lz,,] g

etc., we obtain
3.9)  (Ev*tm) = (Em*¢m)i + {llr} Fntem + {l r} EnEm — {lrm} £k,

Note that, whenever a summation occurs over an index of a covariant
vector, the summation index appears in the upper position in the Chris-
toffel symbol; summations involving a gontravariant vector have the
summation index in the lower position in the Christoffel symbol.
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Since we know from Sec. 1.5 that any tensor 76, can be written in the
form of a sum of multinomials 7%, = Z¢epf, we have also found the
rule of differentiation of any tensor. A typical case is

3 — 2 @ 78 . B o
e vt 2 e 5] o e

The generalization to any number of indices is evident; one need only
be careful to balance indices and remember to use a plus sign for each
contravariant index and a minus sign for each covariant index in the
general case.

In the remainder of this book, we shall often follow the usage of
physicists and speak of the covariant derivative of a tensor. It would
be more precise but more verbose to speak of a tensor field.

Other approach to tensor covariant differentiation formuls.
Instead of deducing the law of differentiation for tensors from the law
known for vectors, we could proceed directly as follows: If 7%, is a tensor
and &, 7%, {7 are three arbitrary vectors, consider the scalar T, £,m8¢7.
Its gradient (T'%g,&.n?¢")p is & covariant vector which we shall call w;:

wy = Taﬂvlléaﬂsf‘y + T“Mfa]mﬁ{" + Taﬂvfd’lﬁg'y + Tuﬁ‘yia"lﬂfﬁ
Next consider the vector v;:
v = Ty (EanfM))
which can be written by (3.8)
v = Ty b7 + Ty kanfit” + Ty fart],

Let us form the vector difference

w, — v = T"ayufavﬁs“’ + Taﬁ'y(gall - £u||z)176§'7 + Taﬁvga(ﬂfl - ﬂﬁl)§.7
+ T k(Y — T
We know from (3.7) that
i — Lo = [arl} I3

and similarly for the differences 7%, — nf and ¢, — ¢7;. Substitution
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of these in the above expression for w; — v; gives
— o B a r 8 a B r
we = v = Toyukan®C + Ty | pf 07678 — Ty 1 EaSY

—_— Taﬁ'y {Z’Yr} Eanﬂg-,

Relabeling the dummy indices, we have

e[ ) = ) i e

Since £, %%, {¥ are arbitrary vectors and w; = v; is a vector, we may use
the quotient theorem to infer that the quantity in brackets is a tensor.
It reduces to T%,;; in a geodesic coordinate system. We therefore call
it the covariant derivative of the tensor; as expected, this definition
coincides with (3.9) obtained by our previous method.

8 8
810 Tog = T+ %) 0 = [k o = {0 2w

Properties of covariant differentiation. Let us now consider the
derivative of the product of two tensors,

(TS0 ) 1

We may ask whether the usual formula for differentiation of a product
remains valid:

(T*6,8%,) 10 = TeyiS%» + Ty S

The validity of this formula could be inferred directly from formula (3.8).
However, it can be shown to be correct more directly by noting that
the two sides of the equation are tensors. We know that they are equal
in one particular coordinate system—the geodesic system in which
covariant differentiation is equivalent to ordinary differentiation. Thus
the equation is a tensor equality and is true in all systems.

We can now prove an important theorem due to Ricei: The covariant
derivative of the gg tensor is identically zero. To prove this we first make
‘use of (3.6) to obtain the ordinary derivative

. k
Girlt = [ll,f'] + gu {,,_ l}
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Thus the covariant derivative is

. k k k
girn = (] + ga {7‘ l} - {r l} Gir — {2 l} Trr

= [i,r] — gk {'L'kl,

Using the definition of the Christoffel symbol { ikl} in (2.9), we see that

this is identically zero. Thus the metric tensor which characterizes
the Riemann space is a constant in the absolute sense; i.e., it has a zero
covariant derivative. From this property it is obvious that the opera-
tions of raising or lowering indices commute with covariant differentia-
tion. For instance,

Ee = @t = gant® + gty = ga(&y)

since ga = 0.

We conclude this section with the important remark that the operation
of covariant differentiation does not possess in general the commutative
property of ordinary differentiation.

Eolp # £ but gy, = E

We can verify this by direct computation or by noticing that, if we try to
use the method of the geodesic coordinate system, we shall come across
derivatives of Christoffel symbols which will neither vanish nor cancel
out. Only in special spaces will the commutative property hold; this
subject will be examined further in Chap. 5.

3.2 Applications of Tensor Analysis
Divergence of a vector. The quantity £i is a tensor, so & is a

scalar, being the contraction of a tensor; we call it the divergence of the
vector £

& = div & = £ + {ils} &

We shall show that this expression can be put into a simpler form which
allows very easy computation and no longer contains Christoffel symbols,
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Indeed, the Ricei theorem proved above gives

k k
Gijln — {h ’L} Jr; — {h ]} Gir = 0

Multiplication and contraction with ¢g¥ leads to

g 7 I _
gGs51n — {h i} - [h ]] =0

and therefore, since j is a dummy index,

{ i h} = 297G

We know that gi* are the elements of the inverse matrix of g, and there-
fore g* = A%/g, where

g = det ((9a))

and A% is the cofactor of g4 as defined in the theory of determinants.
But we could expand the determinant g along one of its rows, say the
third row, into g = g A%; from this we see that dg/dga = A%, since A%
is a subdeterminant of g which does not contain the variable ga.
Replacing A#* by this expression, we have

1 dg
ik o
g g 9gar
and
i| _113dg0dgs _ 199 139,
311 {z h} = 2 0ga oab ~ g0 2300 OB 1

a —e
= 5 log V=g

a result which is important in its own right.

This last way of writing a contracted Christoffel symbol of the sec-
ond kind is legitimate only if the quantity —g under the squar'e-root
sign is positive. We shall assume usually that the metri.c c0n51d'elted
has a g tensor of signature identical with the one of spema} 1‘“ela.t1v1ty
(+—— —). This assumption is usually made in general relativity in the
form that one can find, at every point considered, a local coordinate
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system in which the gy tensor reduces to the Lorentz metric tensor of
special relativity.

Putting the above results into the divergence formula, we obtain

) . 1 . S AN/ —g
£, = div £ =\/—:”§[5‘1i\/—g+53 \a/xs gJ

that is,

I

(3.12) Ep = divg = \/%?7 RV

We shall see in the next section that the divergence formula is specially
suited to formulate Gauss’s integral theorem in a Riemann space.

Note that the divergence operation has been defined only on the
contravariant form of a vector; this is no restriction, however, since one
can always operate with the contravariant components of a given vector.

Geometric interpretation of the divergence formula. Let us

consider a change of coordinates from i to #. The metric tensor Gk
. dx= daf .
transforms according to §i = 5% a—;k gas. Therefore, using the rules of

matrix multiplication, we see that the determinant ¢ transforms accord-
ing to ;

- dxr\?
and hence, since we always choose the positive value of the square root,

V==V S|

where the last factor is the inverse of the absolute value of the Jacobian
of the coordinate transformation. On the other hand, one knows that
the differential volume element, say, in four dimensions,

dr = da® do' dx® dx?
transforms according to

- a(j'17 d‘;Z, ')
e lae e | n
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Thus
VTG = /=g dr

and therefore v/ —g dr is a scalar. We shall call it the invariant four-
dimensional volume element. As mentioned before, we assume that
we can find always at each point of the Riemann space a coordinate
system such that the g; tensor takes the form of the usual Lorentz metric
tensor of special relativity

+1

0
0
-1
0

== =]

0
0 -1
0 0
0 0

In such a coordinate system the invariant four-dimensional volume
element A/ —g dr becomes dr = dxodv, the ‘“natural’”’ volume element
in that local system of reference in which a physicist measures lengths
with rods and time with clocks.

Let us now consider the integral

[, @vow/ =gdn = [ g/ —gdr

over an n-dimensional domain D, where we have explicitly displayed
the invariant volume element introduced above. This integral is
obviously an invariant scalar quantity. With the help of the divergence
formula (3.12) we can write it in the form

/D ENV —gdr

which becomes, by direct application of Green’s formula (integration
by parts),

G13) [ EvV=pudr =Y [ #v=gdar ..

i+ boundary

dzi—tdz+t - - . dan

We interpret expression (3.13) as the flux of the vector & across the
boundary of the domain D. The identity (3.13) is called Gauss’s integral
theorem for a Riemann space. We see that the integral of a divergence
of a vector in a volume depends only on the values of the vector on the
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boundary, just as in the Euclidean space of ordinary integral calculus.
This formula will be very useful later to express conservation laws in the
theory of general relativity.

Laplacian of a scalar field. Let us consider the divergence of the
gradient of a scalar function W(z*). We know that this operation leads
to the Laplacian in ordinary calculus. The gradient of W(z*) is a
covariant vector W(z*)x. We form its contravariant components by
multiplying by ¢* and take its divergence:

(3.14) —\71_——_ (V=g g* W = VW = (g* W)
~g

In analogy with the Euclidean case, we call this scalar the Laplacian of W.

OM=T1 Fig. 8.2

X
The present formalism ean be used to obtain very easily the expression
for the Laplacian in any ecurvilinear coordinate system in ordinary
analysis. Let us take as example the case of polar coordinates in three-

dimensional Euclidean space: r, 6, ¢, as indicated in Fig. 3.2. The Euclid-
ean metric in these coordinates is

ds? = dr? + r2d6? + r?sin? 6 de?
Thus g4 is diagonal, and

gn = 1 Jo2 = 72 gssz = r?sin? @
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Therefore ¢ = r*sin? 4 and

1
11 — 22 33 —
g 1 g r? 9 72 sin? @

Here g is positive, and therefore we simply replace v/ —g by +/¢ in

(3.14) to obtain the expression for the Laplacian in the present case.
The Laplacian of a function W(r,6,¢) is therefore

1 - oW aW 5 OW
ZW _ i1 i2 9N
v = g Ve S e i 3T,

U 1 d oW 10W
Y = . 2 EALEN I 2
v r%in@[&r(r sin 0 or ) ao(r s1n0r2 60)

(. 1 8w
+§<;(r Smerzsin“i ago)]

which becomes, after simplifications,

190 ow 1 i} oW 1 W
2 = = 2 7 o i — T
VW r”)r(r 6r>+r2sin060< n o >+r2sin20 At

We thus obtain this well-known formula in a straightforward way by
using the powerful coordinate invariant formalism of tensor analysis.

3.3 Symmetric and Antisymmetric Tensors

We introduce two classes of tensors which play an important role in
physical theories. They are defined in the following way:

1. A totally symmetric tensorf is a tensor whose components remain
unehanged under interchange of any two indices:

Tar = Tha = T
2. A totally antisymmetric tensorf is a tensor whose components

change sign under any odd permutation of its indices. Clearly, it will
therefore remain unchanged under an even permutation of indices:

Tir= —Tea = Thus

t Totally symmetric and totally antisymmetrig tensors will be simply called sym-
metric and antisymmetric in further developments.

Tensor Analysis 81

The simplest example of a symmetric tensor is the metric tensor gi.
The most important antisymmetric tensor in physics is probably the
well-known Maxwell tensor, which will be studied in detail in Chap. 4.
A justification for singling out the symmetric or antisymmetric character
of tensors rests on the following theorem.

Theorem. The symmetric and antisymmetric character of a tensor
is an intrinsic property; that is, the symmetry characteristics do not
depend upon the coordinate system used.

Proof. Given the tensor T.s in one coordinate system «f, consider
another coordinate system Z* in which the tensor has components

= x> 9z

T = 9z gz T
and

= 2P dxe

Tu = 5w a5 1o

We see that, if Tes = Tha, then Ty = Ty, and if Tas = — Tpe, then
Ta = —Th, whlch proves the theorem for tensors of rank 2. The gen-
eralization to tensors of arbitrary rank is immediate.

Notice that, in the three-dimensional space, an antisymmetric tensor
of rank 2 has three independent components with which a_ vector can
be associated. Indeed, let £ and »¢ be two arbitrary vectors a{hd form the
tensor £n* — #4'.  Its three independent components coincide with the
components of the exterior or vector product of £ and »*. Thus, in many
applications in three-dimensional space, antisymmetric tensors of this
form are identified with vectors. There is, however, one simple way of
distinguishing between genuine veetors and such apparent vectors. If all
coordinate axes are reversed in direction, each vector # goes over into
— &, while the antisymmetric tensor £9* — &9 remains unchanged. This
difference in transformation behavior led to the distinction in classical
vector theory between polar and axial vectors.

In a four-dimensional space a symmetric tensor of the second rank
has 10 independent components, whereas an antisymmetric tensor of the
second rank has 6 independent components and is sometimes called a
six-vector. For example, the independent components of the Maxwell
field tensor are the components of the electric and magnetic fields E
and H. An antisymmetric tensor of the fourth rank has only one inde-
pendent component; so has any antisymmetric tensor of rank equal to
the dimension of the space considered. Antisymmetric tensors of rank
higher than the space dimension are identically zero.
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Curl of a vector. An antisymmetric tensor field can be obtained from
a vector field in the following manner. Consider a covariant vector
7; and form the expressions

r
Nk = Mk — {1, k} Nr

r
Nelli = NMkle — {k z} Nr

The Christoffel symbols are symmetric in their lower indices. Therefore
the difference of the two tensors written above gives the tensor

Mok — Nepe = Nijk ™ Mk|i

which does not involve Christoffel symbols. This tensor is obviously
antisymmetric; we call it the curl or rotation of the vector ;.. Note that
the curl operation can be performed only on the covariant components
of a vector, since, in the above, we made use of the symmetry of the
Christoffel symbols in its two lower indices.

Homogeneous forms and symmetry character of tensors. The
study of antisymmetric tensors is linked directly with the theory of exte-
rior differential forms, which we shall introduce now. From the point
of view of integration in an n-dimensional Riemann space, a differential
volume element dz'dx? - - - da” is not independent of the order of the
factors. Indeed, dz'da? - - - da” is not equivalent to dz?dzx! - - - dan,
because going from one integration scheme to the other involves the
change of coordinates ‘

a~;1=x2

from which we get, by computing the Jacobian of the transformation,

(3,7

2 dpl = 7l J72 —
da? dx dzl dz FleD)

dat dz? = —da' da?

We see that the differential elements appear anticommutative from the
point of view of integration; this simply reflects the change of orientation
“of the surface element dx! A dz? when one changes the order of integra-
tion. We introduce in the space of differential elements the concept of
exterior product, which preserves the laws of algebra, except that com-
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mutativity is replaced by anticommutativity. The symbol for exterior
multiplication is A. We thus have

dzt A do* = —dz* A dx?
which in particular leads to
dz* A dat =0

This notion goes back to Grassmann (Grassmann, 1878) and is most
familiar in the vector product of elementary vector algebra. As we saw
above, the exterior product will play a major role in integration theory.
However, at this point we shall utilize only the fact that a totally
antisymmetric tensor can be best defined as the coeflicient system of an
exterior differential form. We define an exterior differential form as a
form of differentials in which multiplication is understood as exterior
multiplication; for example,

G = Aik dllz /\ dﬂ?k'

is an exterior differential form of order 2. One knows that any usual
form L = Bgx'v*r' can be written with totally symmetric coefficients,
since if By, is not totally symmetric in 7, k, I, we replace it by

Cit = §(Bart + Bra + Bui + Bax + Bur + Bklz)

which gives the same value to L and is symmetric in ¢, k, I. The study
of such forms L reduces, therefore, to the study of forms with symmetric
coeflicients. The analogous property for exterior differential forms is
that one can always utilize coefficients which are antisymmetric in all

indices.
Let us show this in the case of two indices. Consider a form

G = Aik dx? A da*

where A is arbitrary. Because of our freedom in the choice of dummy
indices, we can write it as G = L(dadx’ A dr* + A dz* A dx) by
simply relabeling summation indices. But the above expression may
be written

G = $(Ag — Ay) dai A do*

by virtue of the anticommutativity of dxf and dz*. Since (A4 — Ai)
is obviously antisymmetric, this proves our original proposition.
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By considering an exterior differential form built up from an arbitrary
tensor A, we can construct a new tensor which is antisymmetric. Con-
sider, for example, F = Ag dai A da* A dz'. It can be written

1 .
F = 31 (A — Apir + A — A + A — Aa) dat A dab A do?

That is, we sum over all permutations of the indices, giving a plus sign
to an even permutation and a minus sign to an odd permutation. We
thus define

F = {Aikz} dzi A dx" AN dx’

in which the notation { A} designates the antisymmetrized sum in the
above sense over all permutations of the indices ¢, k, [:

3.15) {Aw} = :9)1—| (Aime — Apa + Awii — A + Avis — Aws)

The extension of this definition to an arbitrary number of indices is
obvious.

Remarks
1. The antisymmetrization operation { } is linear: one verifies immedi-
ately from the above definition that

{Awi + B} = {Aw} + { B}

2. Any tensor of rank 2 can be uniquely decomposed into the sum of a
symmetric and an antisymmetric tensor. For tensors of rank higher than
2, this is not possible; in these cases the sum of a symmetric and an anti-
symmetric tensor does not give enough independent components for the
representation of an arbitrary tensor. However, an arbitrary tensor of
rank larger than 2 can be decomposed into the sum of more than two
tensors whose components have distinguished symmetry properties upon
particular permutation of the indices.

3. As a particular case we include tensors of rank 1 as antisymmetric
tensors. The antisymmetrization operation is then the identity by
definition.

Creation of a new antisymmetric tensor of rank n» + 1 from
an antisymmetric tensor of rank n. In Sec. 3.3 we created an anti-
symmetric tensor from a veector; we shall here generalize this process.
The remarkable feature of this procedure is that the new tensor does not
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contain Christoffel symbols. Let us first consider the case ¢ = 3 for con-
venience of notation. Given an antisymmetric tensor 4., consider its
covariant derivative

A
Asain = Auim — [ ; m} A — { k’m} Ain = [ l Tm] Ay

This tensor is in general not antisymmetric because of the distinguished
role of the index m. We antisymmetrize it with the method sketched
above, forming

A Azt A da® A dat A dzm = {Aggm} dot A d2b A dot A dam

The new antisymmetric tensor { 4.y} does not depend upon Christoffel
symbols. This results from the following theorem.

Theorem. Tor every tensor field one has
{Awym} = {Awm}

Proof. By definition, we can write
{ Aimym} dat A da* A da? A dam = [Aikl[m - {irm} A

— [krm} Ay — {lrm} Aikr] dzt A\ dxF /\ dzt A dam

Since each Christoffel symbol is symmetric in its lower indices whereas
the differential elements anticommute, this last expression is equal to
Apgm dzt A daF A dat A dz™.  But, by definition,

A d2t A da® A dat A dzm = {Aggn} dat A d2b A dat A dam
Therefore
(3.16) {Awyn} = {Awim}
Note that this process of creation of tensors by differentiation and anti-

symmetrization always has to start with completely covariant tensors.
By repeating the above procedure, one might think that one can keep

- creating new antisymmetric tensors of higher ranks. This is not the

case, and the above procedure leads to a tensor identically zero at the
second step. We illustrate this property in the following examples.



86 Introduction to General Relativity

1. Let us begin with a tensor of rank zero, that is, a scalar W. Take
its covariant derivative, and do not antisymmetrize since there is only
one index present; one obtains the gradient of W, W},. Now repeat the
previous operation: Take the covariant derivative of the gradient, anti-
symmetrize to get the tensor {Wyi} = (Wi — Wiys), which is visibly
identically zero. We have found the well-known fact that the curl of a
gradient vanishes. Thus observe the resultant sequence

W; Wi (W) =0

2. Consider the case of a tensor of rank ¢ = 1, that is, the covariant
vector ¢&. Taking its covariant derivative and antisymmetrizing, we
obtain the tensor

{eae} = L&) = 3 — Eno)

which is proportional to the curl of the vector & We repeat the previous
operation., Taking the covariant derivative of the curl and antisym-
metrizing, we get, in view of the linearity of the antisymmetrization
operation,

el = 3G — &du} = $l{&am} — {Euad]

But we note that { &} = — { &1}, since this antisymmetrized tensor is
antisymmetric in 7 and k. Therefore

{Enh) = {&aui}
On the other hand, since the order of differentiation is immaterial, we

have £ = &qus, and thus { £y} = {&q}.  Since a cyclic permutation
leaves the antisymmetrized expression invariant, we obtain also

{&me} = {Euar}
On the other hand, the antisymmetry in ¢ and k of {£x:} implies

{Ewn} = — {Euar}

Comparing the last two equations, we find

3.17) {tn} = {{En}u} =0

Again the second antisymmetric differentiation leads to a null tensor.
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3. In the case of a second-rank antisymmetric tensor ¢, we consider
tw and antisymmetrize. As one can verify immediately, we obtain

(3.18) {tap} = F{ap + b + tup)

This is an antisymmetric tensor of rank 3 which visibly does not contain
any Christoffel symbols. The operation of antisymmetric differentiation
on an antisymmetric tensor of rank 2 is analogous to the curl operation
on a vector. (In the next chapter we shall see that the Maxwell field
tensor satisfies the equations {¢s;} = 0, which are equivalent to some of
Maxwell’s equations involving a curl operation.)

If we now try to repeat the previous operation, we obtain { {fui}jm} = 0.
This result is general. In fact, our demonstration for the second example
can be extended as it stands to any antisymmetric tensor Aj,....,: by
forming { Ajm...npix} and proving that

(319) {{Ajm...npilk}ll} = O

since one sees that the indices jm - - - np are not relevant to the proof.
This shows that the number of antisymmetric tensors which can be
created by the above process is limited. We can, in fact, create only one
such tensor from a given antisymmetric tensor of any rank; repeating the
operation gives a null tensor.

3.4 Closed and Exact Tensors

It is a well-known property in ordinary vector analysis that a vector
field whose curl is zero is derivable from a potential, and vice versa.
We shall introduce here a similar notion into tensor analysis in a Riemann
space. ;

We make the following definitions:

1. An antisymmetric tensor ¢ is called a closed antisymmetric tensor if
{tan} = 0

2. An antisymmetric tensor ¢, is called an exact antisymmetric tensor
if there exists a tensor T such that

b = { Tt}

Ty is called the tensor potential of #;.
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Analogously, closed and exact tensors can be defined for every rank.

In view of the foregoing definition, the result of the previous section can.

be formulated as a theorem.

Theorem. Every exact tensor ts closed.

Indeed, take an antisymmetric tensor T'; as potential and consider
{Tap}, which is by definition exact; we know that {{ Twn}in} = 0, which
proves that {Tay} is closed. We shall show in the following theorem
that the converse proposition is also true.

Theorem. FEvery closed tensor is exact, that is, admits a tensor
potential.

We first illustrate this theorem with the familiar case of a vector in
Euclidean geometry. If a vector ¢; has zero curl, tijx — t: = 0, we know
that it is derivable from a potential ¢:

- 9¢
(3.20) b= pw
The curl condition represents simply the integrability conditions of
(3.20) and allows the quantity

29 , . ;
] Y R— idz
ax'dx = {,dx

d¢ =
to be an exact differential.
We now prove the above theorem for tensors of rank 2 in an n-dimen-
sional space. The proof will be by induction on the dimension n. We
start with the case n = 2 and consider an antisymmetric tensor

_ 0 12
twk - ('—tIZ O)

Let us form {ta); it is identically zero because 1, k, [ can take only the
values 1 and 2, and therefore there is always one index, 1 or 2, which is
present twice. It follows that the result of the antisymmetrization is
zero. This is an example of an antisymmetric tensor of rank higher than
the space dimension and which must therefore be identically zero, as
mentioned earlier. In two dimensions a second-rank antisymmetric
tensor is always closed. Let us show that such a closed tensor is exact.
We must find out if two functions ¢; and {, exist such that

ol 4ts

he =500~ gt
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This is obviously so, for one can take {, = Qand t; = [t;, dz2 Therefore
every second-rank antisymmetric tensor in two dimensions is exact.
Before extending this proof to higher dimensions, let us first make the
following remark: If we suppose that t1» depends on a parameter p and
is k times differentiable in p, then, from the known laws of differentiation
under the integral sign, the tensor potential which we defined above
depends on p with the same differentiability properties.

To complete the induction, we go from dimension » to n 4+ 1: Suppose
that the indices ¢, k take the values 1,2, . . . , n + 1 and that ¢; is a
closed tensor in an (n + 1)-dimensional space:

{tapg} = 0 for L, k1=12 ..., n4+1

By our induction hypothesis we can now assert that the matrix ¢y con-
sidered as a function of z! to 2", and for every fixed 2!, has a potential
t; such that

b = b — tips for L, k=12 .. n

°

By the induetion hypothesis again, these ¢; depend on the parameter z"+!

in a differentiable manner. Therefore there exist functions #(x!, z?
. ., 2% 2" such that

s

(3.21) bir. = tip — s for i, k=1

’

, 2, . ..,n

To complete the induction we need only prove that we can write

biw = bie — lrps

for 7 or k equal to n 4 1.
The closure condition on ¢y for I=n-+1 and ¢, k=1, . .

. L, n
is {tans1} = 0. It can be written out as

Ot Ogng1 | Olnyre
8x"+1+ axt + dz* =0

Using the potential representation (3.21) of t; for 7, k < n, we obtain

otk Oty Opnp1 | Olnyrs
gl axn+1+ ort + ozt =0

Taking into account the definition of #;; = 8¢;/dx* and the fact that ¢; is
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antisymmetrie, we arrive at

Winrr _ Olglay1 _ Olati + Onyri _ 0
dz* dxt axt azk

which can be written
Ié) I¢]
ar (i1 + tayre) = Ere (tepnrr + torrr)

If we define W; = tyu1 + tar1s, we have (8/925)W; — (8/32) Wi = 0.
which means that the curl of W;is 0. In the present case of a vector we
know that this condition implies that W, admits a potential which we
call t,11. We therefore write

- 6thrl
Wi = dat

:tn—{—l]i i=1,2,...,n

which with the definition of W, gives
tar1i == lur1fi — Lijnta

This is the expression we were looking for, analogous to (3.21), but for
kE=mn++1

We have used a fixed coordinate system z¢ and found in it » 4 1 fune-
tions #(z1, . . . , Tny1) such that

tik=t¢‘]k_‘tk|; i=1,...,n—|—1

We allow the { to transform as covariant vectors under a change of
coordinates, so that this equation becomes a tensor identity and is
therefore valid independently of the coordinate system.

We have thus completed the proof that every closed tensor of rank
2 is exact. This property and its converse are true for tensors of arbi-
trary rank, but we shall make use of it only in the case of a tensor of
rank 2 in four-dimensional space when writing Maxwell’s equations in
tensor form in the next chapter.

3.6 Tensor Densities—Dual Tensors

When studying the properties of the 4div%ence of a vector under inte-
gration, we introduced the expression v/ —g¢ in order to be able to form
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invariant integrals. This expression is a special case of an entity which
plays an important role in general relativity, the so-called tensor density.
A tensor density (which is usually denoted by a script letter such as
Jas”) depends on the coordinate system in such a way that, under change
of variables z — Z=, it obeys the transformation law

= ., _ 9zF aat axv ozl x? .. )
(3.22) ot = 55w 358 agm O a(zt, 72, . . )

In order to avoid sign difficulties we shall restrict ourselves to trans-
formations with a positive Jacobian. Then, in the sense of this definition,

—g may be called a scalar density. This name comes from the fact
that, if one integrates such a quantity, forming, for instance, the integral
I = [/ —gdr, the result is an invariant as we saw earlier; thus 4/ —g
behaves like the physical density in space of the quantity 7.

If T.47 is a tensor, clearly

(3.23) 3us” = Tag” \/ —g

is a tensor density. The transition from tensor to tensor density can
always be performed by a correspondence (3.23), and hence the knowledge
of 4/ —g leads to a complete understanding of all tensor densities.

As illustration, let us consider in four-dimensional space four arbitrary
contravariant vectors £, 7 = 1, 2, 3, 4, and form the determinant

(3.24) D = det (57])) = faﬁvéﬁ?vﬁfz)f}’mf&)

D appears here as a multilinear form of the four vectors with the coef-
ficient system

_ 0 if any two indices are equal
Cafird +1  according to (afv$), being an even or odd permutation
- of the numbers (1,2,3,4)

The e-system is well known from elementary determinant theory. To
keep the symmetry between upper and lower indices in tensor calculus,
we also introduce the symbol €78, which is exactly the same numerical
array as e.gys but allows us to keep Einstein’s summation convention
when dealing with covariant vector components.

In our geometry the e-system provides a multilinear form of vectors
with a very simple transformation behavior under change of coordinates.
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Indeed, from

_ o

£ = 32 &
and the multiplication rule for determinants, we find that

~ oz, @, )
Toa(xt, 2t L L) D

Thus D-1is a scalar density and D 4/ — g is a proper scalar. Multiplying
both sides of (3.24) by +/ —g and applying the quotient theorem to
D +/ —g and the four arbitrary vectors ¥(;, we find that

(3.25a) €apiys N — 0 = €apys

is an antisymmetric covariant tensor of rank 4, the Levi-Civita tensor.
As remarked earlier, in Sec. 3.3, in a four-dimensional space, e is the
only such antisymmetric tensor (within a multiplicative factor). The
covariant components of e can be obtained from similar reasoning applied
to covariant vector components; they are, as an easy calculation shows,

(3.25b) N S S
-9

We see that €57 is a tensor density in the sense of (3.23).

While the tensor density 27 has components which are independent
of the coordinate system (similar to the Kronecker tensor gi = 6%), it
should be observed that the tensors e*#7® and eqs,s both have zero covariant
derivatives. Indeed,

— r
eapyill = €aprs(V — @1t — {a l] Crpys

r r r
- {B l} Carys — "Y l} €afrs {6 l} €afyr

However, the four indices in eq,s must be different to give nonzero com-
ponents. Hence, in each Christoffel symbol, » must be identical with
the index which it replaces in e.s,5. We find, therefore,

Caprill = €apys [(\/—_Q)ll - {Trl} \/:ﬁg]

which is identically zero by virtue of (3.11).
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By means of the coordinate independent coefficient system e,s,5, we
can establish a very simple correspondence between antisymmetric
tensor densities of rank 2 and antisymmetric tensors of rank 2. Let
3%f be an antisymmetric tensor density,

geb = Tef 4/ —g
We define

(3.26) (T ap = Feapysd3" = FapysT?

which is an antisymmetric covariant tensor of rank 2. We call *T
the dual tensor of the tensor T7%. Clearly, the tensor component *Tgs
coincides with the tensor density component 37, with complementary
indices, where (,8,7,8) form an even permutation of (1,2,3,4). For
example,

(3.27) *IP L, = 3 L/ Pt R, = g2 = 2
This fact shows the validity of the inverse formula

(3.26") Job = LexBvi(*T) Td = —Le*bvd(*T7),,
which leads back from the dual tensor to the original one. -

The notions of tensor density and dual tensor will be used in the next
chapter to write Maxwell’s equations in a very condensed form in a four-
dimensional space. Furthermore, we shall make use of a property of
second-rank antisymmetric tensors, which we now prove.

Theorem. The two following properties of a second-rank antisym-

metric tensor in four-dimensional space are equivalent: being closed and
having a zero-divergence dual tensor; that is,

{T.,gp\} = {Tap} =0 implies FTw)y, =0 and vice versa.

To prove this theorem note that from the definition (3.26) and the
fact that the tensor eqg,5 has a zero covariant derivative, we may write

(3.28) (T, = $e2BT g0

The summation indices A, , 8, are dummy indices, and we can permute
them arbitrarily in the above identity. If we write out all permutations
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and add the resulting six equations, the symmetry properties of e** allow
us to write the result as

(3.29) (¥Tw)y, = erB{Tapgp}

where the covariant derivative has been replaced by the ordinary deriva-
tive as allowed by (3.16). The two expressions in (3.29) are zero or
nonzero together, which proves the theorem. Our reasoning also shows
that the covariant divergence of an antisymmetric tensor can be ex-
pressed without the use of Christoffel symbols, as is evident from (3.29).

Finally, it should be remembered that to form invariant scalar quan-
tities by integration, one must integrate over scalar densities. The
expression

(3.30) JeN/ =g dr

is a scalar if ¢ is a scalar function. On the other hand, the integral of a
tensor density,

(3.31) (396 dr = [T /=g dr

has no well-defined transformation properties since it is not attached to a
single point in space, and therefore no transformation coefficients 9z¢/9x#
can be defined. Only in the limiting case, when the volume 7 shrinks

down to an infinitesimal neighborhood of a given point P, can we say that

(3.31) has meaning, for then the transformation coeflicients 8i%/da?# are
definable at P, and

= aze 9Ff f
af Jz — | 2 bl 8
f Jo8 dr (6&:")1: (ax“)p f 378 dr
is the transformation law for the integral.

3.6 Vector Fields on Curves

We introduced in Sec. 3.1 the concept of covariant derivative & for a
vector field £(z7) and used it to create from a given vector field new tensor
fields by covariant differentiation. The basic idea in this operation is
the comparison of the local change of the component £ due to the form of
the function £i(z/) with the corresponding change according to the law of

Tensor Analysis 956

vector transplantation. The difference of these changes measures
the absolute variation of the vector field and gives rise to covariant
expressions.

It is natural to apply the same method in the case of a vector field
which is defined only on a curve. Let 2(s) be the parametric representa-
tion of a curve A, and consider a vector field £(s) given as a function of
the curve parameter. If we move from z(s) to zi(s + As), the vector
components will change by

(3.32) £ + 49 = 80 + 95 as 4 0(as)

while the vector trans-lantation (3.2) of £(s) along the curve would have
led to the vector

(3.33) £7(s + A9) = E() + Tiatl(s) 20 As + 0(as?)

Hence we define the absolute derivative of the vector field £(s) aiong the
curve A by the formula

DE(s) _ dg | dab
(3.34) “Ds —ds Tk

The generalization of this operation to tensor fields given only afong
a curve is obvious. If £i(s) happens to be the restriction to the curve
2%(s) of a general vector field £#(z7), we have

Dg _ fog . \dat _ ; dat
(3.35) ‘ Ds — <6z"’ Ple)% = Eﬂk%

and more generally for corresponding tensor fields,

D

D da!
Ds

(3.35) Ts

@) = T4

The operation of absolute differentiation creates from vector fields
along A new vector fields:
= Dsi

Ds

(3.36) 3

That this is indeed a vector can be verified from the transformation law
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(2.5) for connections and from the definition (3.34). It is now easily seen
that

. , D D
(3.36") £ = gatt = Ds (gin8*) = Ds &

since the tensor g; is constant under absolute differentiation. We also
verify easily the laws of product differentiation; for example,

(3.37) L i = vivs + v

The concept of absolute differentiation allows us to develop a differ-
ential geometry for curves in a Riemann space, which is quite analogous
to the corresponding curve theory in Euclidean space. The most impor-
tant vector field along a curve is its tangent vector field #i(s); it is by
definition proportional to dxi/ds. To be more specific, let us suppose
that A is a timelike curve and that s is its arc-length parameter. We may
then take #' to be-a unit vector

o dat )
(3.38) = ds i =1
Next we let
... Dt
(3.39) mi =l = 7o

From the second equation (3.38) we conclude by absolute differentiation
(340) miti = miti =0

The vector mi is orthogonal to the timelike tangent vector ¢ and is there-
fore spacelike. We define a unit vector in the direction of m‘ by

A .
nt = —m’ ant = —1
K

and can then write (3.39) in the form
(3.41) §i = i

The unit vector n¢ is the principal normal of A, and formula (3.41) is the
generalization of Frenet’s formula in classical curve theory. It relates
the derivative of the tangent vector to the normal vector n¢ by means of
the principal curvature «.

We shall not pursue the theory of curves any further, but shall use the
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two important vector fields #*(s) and n(s) along a curve to define a law of
vector transport along a curve which is very similar to the law of vector
transplantation treated before. We define the tensor field along A by
use of the quantities %, n?, and « defined in (3.41):

(3.42) Ti*(s) = «(s) [ni'(s)tk(s) - ti(s)nk(s)]
and consider the differential equation defining the vector field Vi(s),
DV

By use of (3.34) we can bring (3.43) into the form

(3.44) avt_ [ri de*

L=+ e | v

which shows that (3.43) is a first-order linear homogeneous differential
equation for the unknown veector Vi(s). If we preseribe V¢ at one point
of A, say, for s = 0, we can determine the vector field Vi(s) along A
uniquely by means of (3.44). We may thus conceive (3.43) as a law of
vector transport along the curve A.

Observe now that the vector ¢i(s) satisfies the differential equation
(3.43) identically. By substitution, using (3.42) and (3.38); (3.40), and
(3.41), we obtain -

Dt

(3.45) Ds

= [nitktk — t"nkt’“] = nt = {i

which verifies our assertion; that is, the tangent vector #i(s) is carried
along A by the special transport law (3.43).

Next, let Vi(s) and Wi(s) be two vector fields on A which are transported
by the same law (3.43). We easily find

= T VW, + ToW+V, = T#( VWi + WiVi) =0

(3.46) 9%5@

because of the antisymmetry of the tensor 7%(s). Thus the transport
law (3.43) preserves the scalar product, and hence the length and angles
of all vectors so displaced. It is thus closely analogous to the displace-
ment law for general vector fields discussed above.

However, in general, our new transport law (3.43) will be different
from the law of parallel displacement valid for the entire Riemann space.
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Indeed, the only curves whose tangent vectors are obtained by parallel
displacement are the geodesics, while our new transport formula is so
constructed that it carries the tangent vector of A into itself. On the
other hand, the transport law (3.43) is much more specialized than the
parallel displacement law and depends strongly on A. However, in many
physical applications the transport formula (3.43) is of significant value.
It may happen that a particular curve in space-time plays a distinguished
role without being a geodesic; for example, the timelike world-line of an
observer will usually not be a geodesic. It will then be a great con-
venience to introduce a coordinate system which moves with the observer,
preserves all geometrical relations, and has the world-line of the observer
as one coordinate axis. The observer will refer his observations to an
orthogonal triad of axes in hislaboratory which are all three orthogonal in
four-space to his four-velocity, thus forming an orthogonal tetrad of
reference; he can transport along with him this orthogonal tetrad using
the transport law (3.43). It is called the Fermi-Walker transport law.
For details and applications, we refer the reader to the bibliography
(Fermi, 1922; Pirani, 1957; Synge, 1960; and Walker, 1932).

3.7 Intrinsic Symmetries and Killing Vectors

In general relativity we try to rid ourselves of accidental properties of
“coordinate frames and are led naturally to the study of tensors. How-
ever, many problems possess an intrinsic symmetry which may be difficult
to recognize in an arbitrary coordinate system. Ior example, the
problem of describing the gravitational field of a stationary spherical
body, which we shall discuss in Chap. 6, possesses intrinsic spherical
symmetry; this is evident when the problem is expressed in spherical
coordinates but may become hidden if other coordinates are used. We
wish to consider how such hidden symmetries can be discovered in an
invariant manner when working in an arbitrary coordinate system.

We consider a metric tensor g.s(z?) which admits a one-parameter
group of continuous transformations

(3.47) T = o*(a7;))

where A is the parameter of the group. Under all these changes of
markers we assume the metric to be the same. In this sense we can say
that the metric has a hidden symmetry. The transformation (3.47) may,
for example, represent a rotation group (around a fixed axis since we
restricted ourselves to a one-parameter group) in properly chosen coor-
dinates; but in an arbitrary marker system 27 its appearance must be as
general as written down. Under any change of markers we have the
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transformation formula for the g,, tensor:
. T
(3.48) Jur () 920 928 gap(27)

But since we demanded that the metric tensor remain unchanged under
the transformations (3.47), we have the symmetry requirement

(3.49) Jur(Z) = gun(3¥)

That is, the functional dependence of the tensor g,, on the markers
must be the same before and after the transformation. Thus (3.48)
yields

(3.50) Gur(@5(T7N)) M1a0"is = gap(2?)

We differentiate this identity with respect to the parameter A. This
presupposes, of course, that the continuous group of transformations is
differentiable, and we make this assumption. We denote differentiation

with respect to X by a dot over the function considered and define the
vector field

(3.51) WH(z7) = ¢*(27;0)

This is indeed a vector field, since it describes the infinitesimal shift of
the poinp zr under an infinitesimal increase of the parameter A and has
thus an intrinsic geometric meaning. The differentiation of (3.50) with
respect to \ yields, for A = 0,

(3.52) Gurte (@) T*M20"18 + Gur(0°) U008 + Gur(¢?) #a¥”s = 0

If we assume that the parameter A is chosen such that A = 0 corresponds
to the identity transformation

(3.53) = o*(x7;0)
we derive by differentiation
(3.54) 8y = @Hly fora =0

Hence (3.52) reduces to the identity
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(3.55) Gasle ¥ + gus¥a + gu¥’s = 0

The existence of a hidden symmetry of the metric tensor thus leads
us to postulate the existence of a vector field ¥* which satisfies the differ-
ential system (3.55). The integrability condition for this system is a
differential relation for the metric tensor which is a covariant formulation
of the symmetry. Indeed, from the theory of continuous groups it
follows that a field of infinitesimal generators ¥* guarantees the existence
of an integral group ¢*(z7;\) as desired.

We do not enter into the mathematical theory of integration of the
system (3.55), but wish only to bring this system into a very elegant
and suggestive form. We introduce the covariant vector field

(3.56) Y, = go¥*

and calculate its covariant derivative:

(8.57) Vo = Wolp — {aﬂp; Y, = Y, — 3(goulo + Goute — Goolu) T*

= 5(Gouls — Goule T Goolu) ¥* + gl
Trom this equation we obtain
(3.58) ot + Yoo = goou¥* + gou?¥p + g0l
Thus we can express the condition (3.55) in the form

(3.59) Yopp + Yoo = 0

A vector field which satisfies this equation is called a Killing vector,
after its discoverer. Using the definition (3.59), we have proved that a
necessary condition for the metric g, to have a hidden symmelry is that
it admits a Killing vector field ¥o(x7).

In this development, we have restricted ourselves to a one-parameter
group of transformations for the sake of clarity in the exposition. The
theory can be easily extended to an n-parameter group of transformations.
By a straightforward generalization one verifies that the necessary con-
dition for a metric to admit an n-parameter group of transformations is
that it admits n Killing vector fields. Such a group of transformations
is often called a group of motions of the space with the metric g,,.

One of the most interesting physical symmetries that we shall encounter
is time-independence. From the preceding discussion we see that an
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invariant characterization of this property is that there must exist a
Killing vector field that is timelike. This characterization has meaning
even in a coordinate system where 2° is not a convenient time label and
where the metric may depend on 2°. For such a geometry a coordinate
system can be found in which the metrie is time-independent; it is called
stationary. (In Chap. 6 we shall discuss also a special case of sta-

tionary metric that we shall term static. These two terms should not
be confused.)

Exercises

3.'1 Show that if a vector is parallel-displaced along a geodesic in a
Riemann space, its angle with the tangent vector to the geodesic remains
unchanged. Assume that the metrie is positive-definite; see Exercise 1.5.

3.2 Show that lowering an index of & leads to the expression (3.7)
for the covariant derivative of a covariant vector field.

3.3 Let .I‘;;, be a set of symmetric affine connections and demand that
the metric tensor have a zero covariant derivative. Show that this
7
k1
in a Riemann space.

implies T, = — : ‘ This is an alternative motivation for working

3.4 Consider a vector field w; on a two-dimensional plane. -:Show that
_/A {'M)ﬂk} dzt A dxk = ¢C wj da?

for a closed curve C enclosing the area A. From this it follows that if
{w;x} = 0, then the line integral is zero. Show that it then follows
that the vector w; has a vector potential ¢, that is, w; = ¢ (This
proves the theorem in Sec. 3.4 for rank 1 and two dimensions.)

3.6 Show that the following tensor identity holds by working in a tangent
Lorentz space:

€aprs€our = —|0800vultr — Jufveler + 9Bufsedyr — JBeJswPyr
+ Grafsolsr — GsoeGvalsr]

From this show by contraction that

€apr5€Pur = —2[gyulfsr — Gsufyil
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From this it is easy to show that the dual operation operating twice
produces the negative of the original tensor:

*(*Tef) = — Tab
3.6 Consider a diagonal metric in four dimensions
ds? = goo(dz®)? + gui(da?)? + gaa(da?)? + gaa(da®)?

Show that the invariant four-volume element is

(V1gwl d2%) (V/[gu] de?)(V/Tgaal da®) (V/[gus] da?)

This illustrates the identification of 4/ W dx® with a physical time
interval, v/[gu1| dx* with the physical space interval in the 1 direction,
etc. Write out these intervals explicitly in spherical coordinates and
verify that this identification agrees with the geometric picture.

3.7 We call a second-rank tensor traceless if
9Ty = T =0
Given an arbitrary second rank tensor S,, in four dimensions, show that
S — 105290

is traceless. From this show that an arbitrary second-rank t.ensor may
be written as the sum of an antisymmetric tensor, a symmetric traceless
tensor, and a multiple of the metric tensor.

3.8 Consider the simplest case of a field of Killing vectors. In thespace
of special relativity the metric is independent of position, so that a
translation by a constant four-vector ¢ is a symmetry. Write this
translation as 2* = z* 4+ Mg, What is the Killing vector corresponding
to this symmetry?

3.9 The nature of the translational Killing vector is quite obvious in the
above exercise. Now make a transformation from the Cartesian coor-
dinates to cylindrical coordinates p, 6, z where it is not so obvious. What
is the translational Killing vector in these coordinates? Verify explicitly
that it satisfies the fundamental equation (3.59).

3.10 Consider a metric that is invariant under the translation in timf:,
' = z* 4+ A8%. Such a metric is clearly independent of 2°. What is
the Killing vector? Verify Eq. (3.59) explicitly.
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Problems

3.1 An alternative way to introduce the concept of the exterior multi-
plication symbol A of Sec. 3.3 is to consider a two-dimensional surface
labeled by dntrinsic markers (a,b) and imbedded in Euclidean three
space (z',2%x%). Any point on the surface may also be labeled with X7,
and we can form three independent Jacobians, 8(zi,27)/d(a,b). Show
that these form the components of an antisymmetric second-rank tensor.
We can then define

3 (xt,x%)

dxt A da’ = 3ab)

da db

which is clearly a second-rank antisymmetric tensor. Illustrate that
ds® = 4 dxt A dx’ represents an element of surface by considering
some special cases.

3.2 Discuss how the above concepts can be generalized to surfaces of
any number of dimensions in any Riemann space.
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